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Abstract
The degradation of quasi-brittle materials encompasses micro-crack propagation, interaction and coalescence in order to form a
macro-crack. These phenomena are located progressively within the so-called Fracture Process Zone (FPZ). The shape and growth
of the FPZ, and its interaction with boundaries lead to typical phenomena such as size eﬀects, boundary eﬀects and shielding
eﬀects. Classical failure constitutive models involve strain softening due to progressive cracking and a regularization technique for
avoiding spurious strain and damage localization. Diﬀerent approaches have been promoted in the literature such as integral-type
non-local models, gradient damage formulations, cohesive cracks models or strong discontinuity approaches. Such macroscale
failure models have been applied on a wide range of problems, including the description of damage and failure in strain softening
quasi-brittle materials, softening plasticity, creep or composite degradation. An important element of validation of failure models
is that they should be able to capture size and boundary eﬀects for various geometries. However, numerical predictions of size
eﬀect on diﬀerent geometries or the description of boundary eﬀects are quite rare in the literature because experimental data on
diﬀerent specimen geometries and on the same material are not available for comparison. If experiments involving size eﬀect are
numerous in the literature, they are restricted to a speciﬁc geometry and barely consider structures made of the same material, with
diﬀerent geometries. Most of the time, the notch-to-depth ratio tends to zero without reaching zero and unnotched specimens are
studied separately, with diﬀerent materials compared with size eﬀect tests on notched specimens. This paper aims at presenting new
experimental and numerical investigations of failure for geometrically similar notched and unnotched concrete specimens made of
the same mix. Diﬀerent geometries (four depth and three notch sizes) have been considered to obtain results involving size and
boundary eﬀects at the same time. A mesomodel is used to study the FPZ evolution upon damage depending on the geometry and
boundary conditions. A very good agreement with the experimental results is obtained. An analysis of the correlations involved
during the fracture process at the mesoscale is performed and a good agreement with acoustic emissions data is revealed.
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1. Introduction
Fracture of quasi-brittle materials such as concrete or rocks is characterized by a macro crack surrounded by a
damage zone. At the tip of the macro crack and ahead lies the so-called Fracture Process Zone (FPZ) which is a
region of the material undergoing distributed damage. The size of the FPZ in these heterogeneous materials is large
enough to inﬂuence the mechanical behaviour of the structure signiﬁcantly. It does not depend on the structural size,
but it is rather controlled by the local heterogeneities in the material as well as by the geometry of the specimen and the
stress conditions. Therefore, size eﬀect, understood here as the dependence of the dimensionless nominal strength of
a structure on its size, is observed (e.g. when geometrically similar structures are compared, see for example Gre´goire
et al., 2013).
Experimentally, this damage zone may be characterized with the help of several direct and indirect techniques.
Among the possible indirect techniques, energy-based analyses involving redistribution of stresses in the FPZ have
served as arguments for the justiﬁcation of size eﬀect (see e.g. Bazˇant and Planas (1998)). Bazˇant and Pijaudier-
Cabot (1989) determined the FPZ size experimentally as the ratio of the fracture energy to the energy dissipated
per unit volume during the failure process. With the advent of displacement ﬁelds measurement techniques, such
as digital image correlation, access to local ﬁeld quantities in the vicinity of the crack became possible in order to
characterize the FPZ, opening the way for comparisons with results obtained from nonlinear models and calibration
of constitutive models that describe the FPZ (Matallah et al., 2013). The localization of acoustic events that can be
detected during crack propagation is another well established technique from which the FPZ can be visualized and
characterized (Granger et al., 2007; Landis, 1999; Otsuka and Date, 2000). The acoustic events generated during
micro cracking are recorded and post-processed in order to localize them with the help of time-of-ﬂight algorithms.
Hence, this technique provides information on the entire crack propagation process composed of distributed micro
cracking and further coalescence into a macro crack. Haidar et al. (2005) used a model mortar material to observe
the correlation among the width of the FPZ measured by acoustic emissions analysis, the parameters entering in the
description of size eﬀect, and the so-called internal length used in classical non-local constitutive relations.
As far as modeling is concerned, continuum based approaches and discrete or mesoscale models are available. The
ﬁrst one involve a characteristic length which controls the size of the FPZ (see e.g. the review by Bazˇant and Jira´sek,
2002). In recent models (Giry et al., 2011; Gre´goire et al., 2012; Krayani et al., 2009; Bazˇant et al., 2010), however,
it has been pointed out that this internal length is not constant during the fracture process and also that it is inﬂuenced
by boundaries, which could be expected since experimental works on fracture in concrete underline the inﬂuence
of boundaries on the fracture energy (Duan et al., 2003). The second approach relies on a mesoscale description
of the material and an explicit description of the heterogeneities in the material. Pionneering works (e.g. by van
Mier, 1997; Herrmann et al., 1989; Zubelewicz and Bazant, 1987) have been extended to many problems, including
dynamic fracturing in impact problems (Shiu et al., 2009), or cracking in coupled hydromechanical problems (Grassl,
2009). As opposed to the continuum approach, mesoscale models do not introduce any characteristic length. At the
scale of a lattice element or a discrete element, softening is introduced as a local property. Nevertheless, structural
consequences of the introduction of a characteristic length are preserved and structural size eﬀect on notched bending
beams is properly described (Bazant et al., 1990).
Size eﬀects have been investigated by scientists for years in diﬀerent contexts and for diﬀerent materials. The
pioneers have been Leonardo da Vinci (1452-1519), Galileo Galilei (1564-1642) (tension tests on marble columns),
Edme Mariotte (1620-1684) (tension tests on iron wire) and Georges-Louis Leclerc de Buﬀon (1707-1788) (3 points
bending tests on wood). Intensive studies of size eﬀect in quasi-brittle materials started from the middle of the 20th
century (e.g. Weibull, 1939; Volkov, 1962; Leicester, 1973; Walsh, 1972). Experiments involving size eﬀect have
been carried out on many materials such as concrete (e.g. Gettu et al., 1998; Karihaloo et al., 2003), mortar (e.g.
Le Bellego et al., 2000), marble (e.g. Wang et al., 2010), sandstone (e.g. van Vliet and van Mier, 2000), brittle
ceramic (e.g. Fischer et al., 2002), wood (e.g. Morel and Dourado, 2011) or polymers (e.g. Luna et al., 2003), under
pure tension, bending or shear. At the same time, diﬀerent theories for describing size eﬀect have been promoted in
the literature such as the energetic-statistical theory (e.g. Bazˇant, 1984; Bazˇant and Planas, 1998; Morel and Dourado,
2011), the fractal theory (e.g. Carpinteri, 1994) or the Weibull-statistical theory (e.g. van Vliet and van Mier, 2000).
An important element of validation of failure models is that they should be able to capture size and boundary eﬀects
for various geometries. However, numerical predictions of size eﬀect on diﬀerent geometries or the description of
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boundary eﬀects are quite rare in the literature because experimental data on diﬀerent specimen geometries and on
the same material are not available for comparison. If experiments involving size eﬀect are numerous in the literature,
they are restricted to a speciﬁc geometry and barely consider structures made of the same material, with diﬀerent
geometries. Most of the time, the notch-to-depth ratio tends to zero without reaching zero and unnotched specimens
are studied separately, with diﬀerent materials compared with size eﬀect tests on notched specimens.
The purpose of this paper is to emphasized recent experimental and numerical investigations on size and boundary
eﬀects during failure in quasi-brittle materials. The responses of geometrically similar notched and unnotched con-
crete specimens made of the same mix is tested experimentally and predicted numerically with macro and mesoscale
models. Three diﬀerent geometries are considered to obtain results involving size and boundary eﬀects at the same
time. A mesomodel is used to study the FPZ evolution upon damage depending on the geometry and boundary con-
ditions. A good agreement with the experimental results is obtained. An analysis of the correlations involved during
the fracture process at the mesoscale is performed and a good agreement with acoustic emissions data is revealed.
2. Experimental investigations
Recently, Gre´goire et al. (2013) proposed a new experimental database presenting size and boundary eﬀects during
failure in quasi-brittle materials. The whole responses of geometrically similar notched and unnotched concrete
specimens made of the same mix and submitted to 3 points bending tests were presented (four depth sizes – three
notch sizes). Details may be found in Gre´goire et al. (2013) but some results are presented here in order to illustrate
how this experimental database may be used to test the performances of numerical models.
The concrete formulation was based on a ready-mix concrete mixture obtained from Unibe´ton for paving slab
applications. The formulation, the gradings of the sand, the coarse aggregate and the mix as well as the concrete
mechanical properties are detailed in Gre´goire et al. (2013).
In the bending tests, four diﬀerent sizes of geometrically similar specimens were considered, with span to depth
ratio of 2.5, depth varying between 50 and 400 mm, and a constant thickness of 50 mm. In order to exhibit some
boundary eﬀect, three diﬀerent (moulded) notch conﬁgurations were used. Note that the notch thickness was kept
constant (2 mm) whatever the specimen depth. They are labeled: unnotched (notch to depth ratio 0), ﬁfth-notched
(notch to depth ratio 0.2) and half-notched (notch to depth ratio 0.5). For each size and each notch conﬁguration,
three concrete beams were manufactured. Overall, 34 three point bending tests have been carried out. The diﬀerent
beam specimen geometries are presented in Figure 1.
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Fig. 1. Beam specimen geometries. Reproduced from Gre´goire et al. (2013).
The testing apparatus was a three-point bend set-up mounted on a servo-hydraulic testing machine (HB250,
Zwick/Roell). In order to avoid post-peak unstable crack propagation, the three point bending tests were crack mouth
opening displacement (CMOD) controlled. The CMOD measurement consisted in recording the distance between
two alumina plates glued on the bottom surface of the beam, on each side of the initial notch. When the beam was
unnotched, the alumina plates are glued at a distance from midspan equal to half the depth of the beam to ensure that
the crack initiates between the two plates. In this case, the relative distance between the aluminina plates was not
1272   David Grégoire et al. /  Procedia Materials Science  3 ( 2014 )  1269 – 1278 
exactly a CMOD. Still, in the case of unnotched structures this relative displacement will be denoted as a CMOD for
the sake of simplicity of the presentation. The resulting force was measured by a 50-kN load cell, in addition to the
250-kN load cell available with the machine. The deﬂection of the neutral axis was measured using a laser sensor
with a set-up which eliminates the deformation at the supports. All signals were recorded and synchronized through
a multichannel digital controller. Raw data measured by each sensor and uncertainties of the diﬀerent sensors are
detailed in Gre´goire et al. (2013).
The experiments have been performed following the RILEM recommendations Bazˇant (1990). The results of
thirteen (13) half-notched specimens, eleven (11) ﬁfth-notched and ten (10) unnotched specimens are reported in this
study (notch to depth ratio of 0.5, 0.2 and 0 respectively, span to depth ratio of 2.5 and depth varying between 50 and
400mm). Fig. 2 shows the average load versus CMOD responses for the four sizes and the three geometries.
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Fig. 2. Averaged load vs. CMOD responses (half-notched, ﬁfth-notched and unnotched specimens). Reproduced from Gre´goire et al. (2013).
3. Numerical investigations
A 2D plane-stress lattice model introduced ﬁrst by Grassl and Jira´sek (2010) is used for the numerical investiga-
tions. The lattice is made from beam elements and idealises the meso-structure of concrete as a set of three diﬀerent
components: aggregates, matrix and the interface between them. The lattice model is implemented in the OOFEM
code (Patza´k, 2012), which is used for all the simulations in the paper. Full details on the lattice model used in the
study may be found in Grassl et al. (2012).
3.1. Global aspects of the fracturing process
Recently, Grassl et al. (2012) demonstrated that the mesoscale modeling was very eﬃcient at describing not only
size eﬀect on the peak load, but also the entire load deﬂection response of bending beams. Details may be found in
Grassl et al. (2012) but some results are presented here in order to illustrate the performances of the lattice model
in predicting quasi-brittle failure in term of Force vs. CMOD1 global responses. The experimental data obtained by
Gre´goire et al. (2013) have been quite accurately described, once the model parameters at the mesoscale level had
been calibrated for one notch length.
Figure 3 presents a schematic drawing of the notched and unnotched beams considered in the study. The geometry
and applied loads correspond to the experiments reported by Gre´goire et al. (2013) and modeled numerically by Grassl
et al. (2012). Four diﬀerent sizes of geometrically similar specimens were considered, along with three notch lengths:
a = 0 (UnNotched, so-called UN), a = 0.2D (Fifth-Notched, so-called FN) and a = 0.5D (Half-Notched, so-called
HN).
Same as in the experiments, the out-of-plane thickness was kept constant for all sizes and all geometries at b =
50mm. The notch thickness was ﬁxed equal to zero for consistence with the experimental procedure where the notch
1 crack mouth opening displacement
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Fig. 3. Geometries of three-point bending test for (a) notched and (b) unnotched beams.
(a) long notch (a0 = 0.5 D) (b) small notch (a0 = 0.2 D) (c) unnotched (a0 = 0)
(Reproduced from Grassl et al. (2012))
Fig. 4. Comparison of load versus CMOD of analyses and experiments for three points bending beams of diﬀerent sizes
(d ∈ {50, 100, 200, 400} mm) and diﬀerent notch sizes. Error bars of the numerical results show the mean plus and minus one standard devi-
ation of 100 analyses.
was moulded using a thin metal plate of constant thickness. The load and support reactions were applied by means
of 5mm-wide metallic plates. The tests are CMOD controlled in order to avoid post-peak unstable crack propagation.
The CMOD is deﬁned as the diﬀerence between the displacement of point A and B in Figure 3.
Figure 4 presents the comparison of experimental and numerical force vs. CMOD curves. These global responses
are quite accurately described whatever the beam or notch sizes.
3.2. Local aspects of the fracturing process
In addition to global response predictions, Gre´goire et al. (2014) demonstrated that the mesoscale modeling was
also eﬃcient at describing the local failure process. Some results are presented here in order to illustrate the perfor-
mances of the lattice model in predicting quasi-brittle failure in term of dissipative energy maps.
Gre´goire et al. (2014) proposed an experimental campaign similar to the one presented by Gre´goire et al. (2013)
where damage events were localised during failure by acoustic emission technique. Three D = 200mm half-notched
specimens, three D = 200mm ﬁfth-notched, two D = 200mm unnotched and three D = 100mm unnotched have
been tested in three point bendings. During the tests, acoustic events were recorded and localised. Assuming that
the acoustic energy recorded for each event is proportional to the energy dissipated during the corresponding damage
event, it is possible to compare the dissipation maps during an increment of load. On one hand, the dissipated energy
during damage is obtained numerically from the mesoscale analysis. On the other hand, the maps of the distribution
of acoustic energy within the same loading increments are computed according to the same discretization. Details
may be found in Gre´goire et al. (2014).
In both approaches, the energy maps are averages from the same number of tests. Three D = 200mm half-notched
specimens, three D = 200mm ﬁfth-notched, two D = 200mm unnotched and three D = 100mm unnotched have been
tested both experimentally and numerically. Three diﬀerent loading increments are considered here corresponding to
the same interval of dissipated energy (ΔG1 = ΔG2 = ΔG3 = 120 × 10−3J/m3).
Figure 5 presents a comparison of average distributions of energy densities between numerical and experimental
results for the long notch beam and the ﬁrst energy increment at peak. Results concerning the other beam geometries
or dissipated energy increments are detailed in Gre´goire et al. (2014). The energies involved are quite diﬀerent.
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The acoustic energy is only a small part of the dissipated energy upon local fracture. The largest part is converted
into the creation of free surfaces (cracks). Although the dissipated energy obtained numerically and the AE energy
obtained experimentally are not the same, they are strongly related (see for example Landis and Baillon (2002)),
and a qualitative direct comparison makes sense. At ﬁrst, one can remark that experimental results exhibit a more
pronounced scattering than numerical ones. This may be explained by internal stresses created by the process of
curing in concrete which are released during loading and produce events. Despite this scattering, the extents of the
energy maps (which represents the FPZ) are similar. At initiation (ΔG1), in notched beams, most of acoustic and
fracture energies are dissipated in a localised region following the axis of the pre-notch reaching their maximum
value at the pre-notch tip to become wider far from the notch while energy decreases. In unnotched beams, Gre´goire
et al. (2014) shown that a similar trend is observed. The expected distributed damage prior to the onset of localized
cracking is not observed because the number of acoustic events is not large enough in order to obtain a representative
distribution prior to the initiation of the macro crack. After initiation and during the crack propagation (ΔG2, ΔG3),
similar trends are observed in notched and unnotched beams.
−60
−40
−20
 0
 20
 40
 60
 0
 50
 100
 150
 200
 
 1e+09
 2e+09
 3e+09
 4e+09
 5e+09
 6e+09
E
x
p
. 
A
E
 e
n
e
rg
y
 [
a
J
/m
3
]
x [mm]
y [mm]
E
x
p
. 
A
E
 e
n
e
rg
y
 [
a
J
/m
3
]
−60
−40
−20
 0
 20
 40
 60
 0
 50
 100
 150
 200
 
 5000
 10000
 15000
 20000
 25000
N
u
m
. 
d
is
s
ip
a
te
d
 e
n
e
rg
y
 [
J
/m
2
]
x [mm]
y [mm]
N
u
m
. 
d
is
s
ip
a
te
d
 e
n
e
rg
y
 [
J
/m
2
]
ΔG1 – Experimental ΔG1 – Numerical
Fig. 5. Energy maps during the ﬁrst energy increment obtained from AE analysis (Experimental) and mesoscale computations (Numerical) for
HN200 bending beam (long notch, size D = 200mm). The pre-notch is highlighted with a dashed line. Reproduced from Gre´goire et al. (2014).
The similarity of the damage and AE maps is better observed by looking at projections of the energy maps in the
horizontal and vertical directions. Figure 6 shows proﬁles obtained for the long notch beam and the ﬁrst energy incre-
ment at peak . Results concerning the other beam geometries or dissipated energy increments are detailed in Gre´goire
et al. (2014). Qualitatively, the proﬁles have the same extent. They are rather similar although the experimental ones
are more discrete, with successive peaks that can be related to the accuracy of the measurements and quantity of
available data (the size of the aggregate may also have an inﬂuence). It has been shown by Gre´goire et al. (2014) that
the agreement between numerical and experimental data is rather correct for all beam geometries and all dissipated
energy increments. This similarity between the mesoscale results and the AE test data indicates that the computational
model is not only capable of matching global experimental data (such as force v.s. CMOD curves), but also local data
such as the distribution of energy dissipation. Comparisons between the distribution of relative distances between
events will further document this conclusion.
4. Analysis of the correlations involved during quasi-brittle failure by Ripley’s functions
In this section we aim at highlighting the correlations involve during quasi-brittle failure by concentrating on the
kinetics of the failure process.
Ripleys K function proposed by Ripley (1977) is a tool for analyzing completely mapped spatial point process
data, i.e. data on the locations of events Dixon (2002). Particularly, it is used to characterize the randomness in the
spatial spreading of point distribution. Recently Tordesillas et al. (2012) extended this pattern characterization method
to non-biological system to analyse diﬀuse granular failure.
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Fig. 6. Horizontal and vertical projections of energy dissipation for HN200 bending beams (long notch, size D = 200 mm). Reproduced from
Gre´goire et al. (2014).
For a spatial point distribution, the Ripleys K(r) function may be deﬁned as the ratio between the density of events
and the mean number of events within a distance r of any chosen event in the distribution:
K(r) = 1Nρ
∑
i∈P
∑
j∈P
H(i, j, r)
and H(i, j, r) =
{
1 if D(i, j) ≤ r
0 if D(i, j) > r
(1)
where N is the total number of events, ρ is the event density, P is the point distribution and D(i, j) is the euclidean
distance between points i and j.
For example, the Ripleys function K of a perfect randomly distributed set of points is simply given by:
Kran(r) = πr2 (2)
In order to characterize the randomness of a distrubution, the Ripleys K function is then often compared to this
reference Kran function by building the Ripleys L(r) − r residual function deﬁned as:
L(r) − r =
√
K(r)
π
− r (3)
Within this deﬁnition, and for a perfect randomly distributed set of points, the residual function stays equal to zero.
Since the residual L(r) − r function deﬁned at equation 3 is equal to zero for a perfect randomly distributed set of
points, plotting the residual for an arbitrary point distribution may characterize the distance of this distribution to a
perfect random one and then characterize the localization of the distribution. Applying this concept to a set of damage
points may lead to characterize the correlations between the damage points, which is related to the internal length in
a nonlocal continuum setting.
We compare here the response of long notch and unnotched specimens with a depth of 100 mm. Geometries
are presented in Figure 3. The same post processing method is applied: the test are CMOD controlled and at each
CMOD step, the distribution of incremental damage events is plotted (see Figure 7.a-b) and the corresponding Ripley’s
residual function estimatedand the correlation length is extracted.The evolution of the extracted correlation length is
presented in Figure 7.c. For the notched specimen, the pre-notch trigs the damage localization and the extracted corre-
lation length grows to reach a plateau at a value corresponding to four times the larger aggregate size (≈ 10 mm). For
the unnotched specimen, the damage evolution is totally diﬀerent. Since there is no pre-notch, the damage localization
is not trigged and therefore damage spreads on the bottom surface of the specimen. Therefore the correlation length is
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equal to the analysis box size at the beginning at damage initiation. At some point, a macro-crack will emerges from
the bottom face and propagates surrounded by a fracture process zone. The correlation length is decreasing from the
analysis box size to reach the same plateau observed for a notched specimen at a value corresponding to four times
the larger aggregate size (≈ 10 mm).
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Fig. 7. Responses in bending: (a) Damage distribution at peak for the long notch specimen; (b) Damage distribution at peak for the unnotched
specimen; (c) Evolution of the extracted internal lengths for both specimen.
5. Concluding remarks
We have presented both experimental and numerical investigations on size and boundary eﬀects during failure
in quasi-brittle materials. Experimentally a new database presenting results on the Force vs. CMOD responses on
concrete bending specimens of diﬀerent sizes and notch geometries has been collected. Numerically, a detailed
analysis of the cracking process at the mesoscale of concrete specimen has been presented. The computational model
is a lattice-based approach which proved to be able to capture size eﬀect test data for notched and unnotched bending
beams and the force v.s. CMOD response as well. Moreover, comparison with experiments coupled with acoustic
emission analyses proved also that the mesoscale model is representative of the local process of quasi-brittle failure in
term of dissipative energy maps and histograms of relative distances between damage events. However, if histograms
of relative distances between damage events may be easily built for three point bending tests, they cannot be interpreted
easily because the eﬀect of the strain gradient in bending beams cannot be easily separated from the interaction
between damage events that may develop in the course of fracture. Hence, we turned toward a structural analysis
based on Ripley’s functions. The post processing with Ripley’s function provides indicators of the randomness of
a distribution of events. An internal length, in the sense of non local models, may be extracted by comparing the
computed Ripleys functions with analytical ones corresponding to a localized pattern. The evolution of this extracted
internal length upon failure has been presented for the same bending specimens. The results show that the computed
internal length is not constant during failure and signiﬁcant diﬀerences may be observed depending on the type of
pre-notch.
This conclusion opens the path for further analyses of the fracture process, solely based on numerical analyses with
the mesoscale model. From theses studies, a better understanding of the correlations between damage events that
should result into non local continuum modeling at the macroscale is expected.
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